In this paper we introduce a Daehee constant which is called q-extension of Napier constant, and consider Daehee formula associated with the qextensions of trigonometric functions. That is, we derive the q-extensions of sine and cosine functions from this Daehee formula. Finally, we give the q-calculus related to the q-extensions of sine and cosine functions.
Introduction
When one talks of q-extension, q is variously considered as an indeterminate, a complex number q ∈ C, or a p-adic number q ∈ C p . The q-basic numbers are defined [1, 3, 4, 6, 7] by 
where
which is called binomial coefficient. Throughout this paper, let us assume that q ∈ C with |q| < 1. Here we use the q-deformed binomial coefficient (or Gaussian binomial coefficient) which is also defined by
while the q-shifted factorial is given by
The recurrence relations below show that the q-binomial coefficient is a polynomial in q.
Note that the q → 1 yields the conventional number [n] q=1 = n and therefore, the conventional binomial coefficient (see [3, 4, 6] );
It is well known that
which is called Napier constant (or Euler number). Let i be a complex that is defined by i = √ −1 = (−1) 1 2 . Then Euler formula is given by e ix = cos x + i sin x, (see [5, 2] ).
From (5), we derive cos x = 1 2 (e ix + e −ix ), and sin x = 1 2i (e ix − e −ix ).
By using Taylor expansion, we easily see ( [5] ) that
In the recent paper, M. Schork has studied Ward's "Calculus of Sequences" and introduced q-addition x ⊕ q y in [6] by
This q-addition was already known to Jackson and was generalized later on by Ward and AI-Salam [6] . The two q-exponentials are defined in [4] by
where (a : [4, 6, 2] ). From (9) and (10), we note that e q (z) · E q (−z) = 1 for |z| < 1.
The purpose of this paper is to construct Daehee formula and the q-extensions of sine and cosine. From these q-extensions, we derive some interesting formulae related to Daehee formula and the q-extension of sine and cosine functions.
q-extension of Euler formula and trigonometric functions
Let us consider the Jackson q-derivative D q by
It satisfies D q x n = [n] q x n−1 and reduces in the limit q → 1 to the ordinary derivative. From the definition of q-exponential function, we derive
The q-integral was defined in [3] by
where x ∈ R, and the right-hand side converges absolutely. In particular, if we take f (x) = x n , then we have
[n + 1] q , see [3] .
From (11) and (12), we derive
Therefore we have the following:
By the definition of q-integral, we easily see that
Let us consider the q-extension of Napier constant (or Euler number) which is called Daehee constaint:
Proposition 2. ( Daehee constant)
e q = lim
From the definition of e q (x), we consider
In the viewpoint of (7), we define the q-extension of sine and cosine function as follows:
From (14) and (15), we derive Daehee formula which is the q-extension of Euler formula: e q (ix) = cos q x + i sin q x.
Note that lim q→1 e q (ix) = cos x + i sin x.
Therefore we obtain the following:
By the definition of q-addition, we easily see that
Proposition 4. For x, y ∈ R, we have e q (x)e q (y) = e q (x ⊕ q y).
From proposition 4, we can derive the following:
By using Daehee formula, we see that (cos q x + i sin q x)(cos q y + i sin q y) = cos q (x ⊕ q y) + i sin q (x ⊕ q y).
Thus, we have (cos q x cos q y − sin q x sin q y) + i(sin q x cos q y + cos q x sin q y) = cos q (x ⊕ q y) + i sin q (x ⊕ q y).
By comparing the coefficients on both sides, we obtain the following:
Theorem 5. For x, y ∈ R, q ∈ C with |q| < 1, we have cos q (x ⊕ q y) = cos q x cos q y − sin q x sin q y, sin q (x ⊕ q y) = sin q x cos q y + cos q x sin q y.
By the same motivation of (8), we can also define
By (15), we easily see that sin q (−x) = − sin q (x) and cos q (−x) = cos q (x).
From Theorem 5, (16) and (17), we note that
Corollary 6. For x, y ∈ R, we have
By using Daehee formula, we easily see that e q (ix) = cos q x + i sin q x, e q (−ix) = cos q x − i sin q x.
Thus, we have the following: Corollary 7. For x, y ∈ R, we have cos q x = e q (ix) + e q (−ix) 2 , and sin q x = e q (ix) − e q (−ix) 2i
We now define q-extension of tan x, sec x, csc x and cot x as follows:
, and cot q x = cos q x sin q x .
Note that 1 + tan
From (11), we can derive
By (11), (15) and (19), we easily see that D q (sin q x) = cos q x, and D q (cos q x) = − sin q x.
Moreover, D q (tan q x) = 1 + tan q x tan q (qx).
Therefore we obtain the following.
Theorem 8. For x ∈ R, we have D q (sin q x) = cos q x, and D q (cos q x) = − sin q x.
By Lemma 1 and Theorem 8, we have the following:
Corollary 9. For x ∈ R, we have (1 + tan q t tan q (qt))d q t = tan q x.
